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Abstract. Some pedagogical aspects of the formulation of electrodynamics 
independently of the systems of units arc commented. Only electrodynamics in vacuum 
is considered. It is pointed out the efficiency of using a notation system close to SI. 
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"c/j . 1. Introduction 

J* ■ 

Certainly, the simplest system of units is SI. Most of the students know and use only 
SI, as science and technology notions are mainly taught only in this system of units. 
This is not necessarily a bad aspect. However, there are many students, especially 
■<^j- ; above average ones, who demand additional knowledge to the one presented in regular 
faculty lectures. For them, other systems of units are necessary - at least Gauss and 
Heaviside-Lorentz if we refer to electrodynamics. This motivates the interest on teaching 
CN ' electrodynamics in a notation scheme independent of the system of units. One of the 
00 1 latest issues on this subject is Ref. P where one can find a detailed bibliography. 
O ' 

2. "System free" expressions of Maxwell's equations 

^ ■ Usually, in an introductory course in the electromagnetic theory one introduces, as a first 
step, the basic variables E, B of the electromagnetic field by postulating the expression 
of the Lorentz force as an experimental equation: 

F = qE + ^qv x B (1) 

where 7 is a proportional constant introduced so as to account for different dimensions 
and units of measurements of electrodynamic quantities. This expression is sufficient 
for introducing the electric charge, the electric field E by the force acting on a charged 
particle at rest and the magnetic field B as responsible for the part of Lorentz force due 
to the particle motion. The electric charge conservation is postulated by introducing 
the continuity equation, 

| + V,-0, (2) 
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a necessary equation for understanding the Maxwell's postulate of the displacement 
current . 

It is possible to adopt a different treatment, specific for a general field theory: the 
fields E and B are introduced as basic variables verifying the Maxwell's equations. It 
remains to clarify the role of these variables in the description of the interactions between 
the electromagnetic field and other physical systems together with the formulation of 
general theorems as electric charge, energy, linear and angular momentum theorems. Q 

Let us write Maxwell's equations in vacuum with notation used in pQ: 

(a) V ■ E = a p , 

(b) V • B = , 

(c) VxB = W + ^, 

a at 
f) T-t 

(d) Vx£=-7 ¥ , (3) 

with the proportional constants a, (3, 7 depending only of units. The consequence of 
Maxwell equations concerning the propagation in vacuum of the electromagnetic field 
leads to the relation 

wr c2 - (4) 

c being the speed of light in vacuum. 

The continuity equation for electric charge is a theorem resulting from Maxwell's 
equations Q-a, c. Together with this theorem, the definitions of electric charge density 
p and the corresponding current density j are accomplished. 

Let us consider other two consequences of Maxwell's equations. The first is the 
energy theorem 

| = -»-V-S (5) 

where the expressions for the energy density u, energy density current S and the spatial 
distribution of the power transfer between the field and particles must be introduced as 
basic postulates of the theory. 

The linear momentum theorem is represented by an equation obtained also from 
Maxwell's equations in the form: 

|| = -/ - e * d i T H > ( 6 ) 

where the last expression from the right hand side represents the divergence V ■ T of 
a second order tensor and ej are the unit vectors of the Cartesian axes. As in the 
case of the energy theorem (j3j), in equation ([6]) we have to identify the force density 
/, the momentum density g and the momentum current density T, and postulate their 
expressions. 

% However, using variational and symmetry principles should be the better way. 
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Just these definitions accompanying the formulation of the two theorems (jSJ) and 
([6]) represent the final step in the introduction of proportional constants a, [3, 7 in the 
electromagnetic theory. 

Let us introduce the set of equations resulting from Maxwell's equations whose 
combinations candidate for representing the two theorems (JSJ) and (EI). From equations 
(J2J)-c, d one obtains by a usual procedure: 

] E 2 + 1b 2 ] = -f3j E - V- (E x B) (7) 



dt \2a 2 

which represents the candidate to the theorem of energy. 
Let us the identity 

A x (V x A) = (V ■ A) A + e, d^-A 2 5 ri - A 3 A t ) , (8) 

for an arbitrary vector A. Applying this identity to the fields E and B and using the 
first two equations ([3]) one gets 

Ex(V xE) = apE + e^-E 2 6 a - EjEi) , (9) 

and 

B x (V x B) = eid^BHa - BjBi) . (10) 

Using Maxwell's equations fl3J)-c, d, we obtain the two equations whose combination 
candidates to the momentum theorem: 

OB 1 

lEx— = -apE - B i d j {-E 2 8 ji - EjEi) , (11) 

and 

^— xB = -/3jxB - B i dj{-B 2 5 ji - BjBi) • (12) 

In equations (0), (fTTT) and (TT2]) . the terms which represent the interaction between 
electromagnetic field and particles are only /3 j ■ E, a pE and j3 j x B. A first choice 
of the place of proportional constants in different definitions is determined by choosing 
the units of force, electric charge and electric field such that, as is the case in all usual 
systems of units, the electric force density is f e = p E. For a correct appearance of the 
force density in the momentum theorem, the equation (llljl must be considered divided 
by the constant a. From this definition of f e , the corresponding spatial distribution of 
the power transfer results to be V = j ■ E. From this definition of V, and for the correct 
appearance in the energy theorem, equation (JTj) must be considered divided by f3. The 
sum of the left sides of equations ([IT]) , divided by a, and equation (fT2|) . appropriately 
modified, must represent a time derivative. For this end, the equation (1121) must be 
divided by (3 and multiplied by 7. [jj 

§ If we consider the alternative of using the expression (p} postulated before the introduction of Maxwell 
equations, this last operation consists in the multiplication of equation (fT2| by 7 instead of 7. In this 
case, the condition that the sum of the right-hand sides of the two equations (fTTj) and (fT^|) . after the 
accomplishment of these operations, represent a time derivative leads to the equality 7 = 7, [2]. 
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With these operations accomplished, in the equations derived from ([7]), fill I) and 
ffl"2"]) the constant (3 is present only by the fraction 

A=£. (13) 
Using the constant A instead of /3, these equations can be written as 

l(^ 2+ H = v -fi*H' (i4) 



and 



1 EX § = (-^% - , (15) 

1^ x B = -7j xB - ad, i^BH jt - A BjB^\ . (16) 



Equation (I14p represent the energy theorem (jSj) with the definitions 

m = - (-E 2 + A5 2 V V = j-E, S=-ExB. (17) 

2 Va / 7 

The sum of equations (fT5l) and (fT6l) represents the momentum theorem ([6]) with the 
definitions 

g = — E x B, Tij = uSij - - - A BiBj, f = P E + jj x B . (18) 
a a 

Equation (jlj) is written as 

^ = c 2 . (19) 

T 

Let us write Maxwell's equations with the constants a, A, 7: 



1 dE^ 

a at 

ar • (20) 

In Table 1 these constants are specialized, in a similar form as in Table 1 from p], 
to the most used systems of units: Gauss and Heaviside-Lorentz 

Table 1, The a, A, 7-system 



a. 


V • E = 


ap , 


b. 


V B = 


, 


(:. 


V x B = 


= A (J 


d. 


V x E = 


= -7 



System 


a 


A 


7 


Gauss 


4-7T 


1/47T 


1/c 


SI 


1/eo 


1//U0 


1 


Heaviside-Lorentz 


1 


1 


1/c 



From this Table one can see the possibility to introduce another set of constants 
with notation and presence in the different expressions closed to SI: 

111 

£0 = -, /x = 7, c = - . (21) 
a A 7 



With the notation (12ip . the transcription of Table 1. is 



On the formulation of Electrodynamics in a form independent of units 



5 



Table 2. The e~o, MOj co-system 



System 


eb 


MO 


CO 


Gauss 


1/47T 


4-7T 


c 


SI 


£0 


/■<() 


1 


Heaviside-Lorentz 


1 


1 


c 




The Maxwell's equations with the new constants (1211) are written as 

V-E = i P , 

V • B = 

V x B = 

Vx£ = --^. (22) 

The notation (1211) is used in [3]. The motivation for such notation is a pedagogical 
one. One of the first textbooks using such a system of notation is, by our knowledge, 
Ref. |4]. In this textbook one uses the notation e an d /^o instead of the notation ( !2lT) ; 
these constants are introduced from the very beginning, as to account for the different 
demensions and units of measurements of electromagnetic quantities. This notation 
is used consistently in [5] and [6] and is extended also to the relativistic covariant 
formulation of electrodynamics. However, this is only history. 

We resume the basic expressions which are different from those written in SI 
notation, the differences being reprezented by the presence of Cq. In the following the 
notation e , fi is used instead of e , /I . 

They are: the densities of energy current and of linear momentum 

S = — Ex B , g = —Ex B , 

/i c 

the Lorentz force: 

F = qE + —qv x B , 

c 

the expression of the electric field in terms of potentials: 

„^ 1 OA 



c dt 

the gauge transformations and Lorenz condition: 

A — > A + VV>, $ — ► $ V-A + ^— = 0, 

Co Ot Co ot 

the retardation solution for the vector potential: 

with the corresponding consequences when writing the fields E and B. 

In the relativistic covariant formulation of electrodynamics we have: the 4-potential 

(A") = (| A) , 
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QUE 



From the above expression one can obtain all the expressions used in 
electromagnetic theory. We give in the present note only the transformation equations 
for the fields E and B: 

E' = TE + (v ■ E) v + — T (v x B) , 

V 2 c 

B' = TB + ^—J- (v ■ B) v - ^ T (v x E) , 



where T 



l/^l-v 2 /c 2 



The 4-dimensional form of Maxwell's equations is written as 



c 



(23) 



where 



(JM) = ( cp , j), = — ^ vX p p. 



Even the quantum electrodynamics can be formulated in an independent of units 
notation. For electromagnetic field no additional rules are necessary and the Dirac 
equation for the electron can be writen as [2] 

e 



(ihd + — A — m e c)ip 







Co 



— e and m e being the electric charge and the mass of the electron. 

In the present note we want to plead for using a notation system in the spirit or 
as close as possible to SI. The pedagogical motivation is obvious. Such a formulation 
has also the advantage that one can simplify the life of a student who does not consent 
the general manner of notation. From the very beginning, one can state the possibility 
of working only in SI units if setting everywhere cq — 1. The student can have the 
freedom to choose the latter option without any repercussion from the professor, of 
course. 
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